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Abstract. In our prior work, we introduced Differentiable-GLCM, a
continuous-space generalized framework that computes co-occurrence via
radius-weighted neighborhoods rather than discrete pixel offsets. While
this approach yields smooth, differentiable matrices with improved geo-
metric consistency over the classical Haralick GLCM, it remains inher-
ently directionally sensitive.
In this paper, we improve the Differentiable-GLCM framework by aggre-
gating co-occurrence information across directions to enhance rotational
robustness. We evaluate three aggregation strategies: (i) discrete direc-
tional averaging, (ii) continuous angular integration yielding an isotropic
representation, and (iii) a computationally efficient spatial weighting
scheme that closely approximates the integrated formulation.
Experiments on rotated 2D planar and 3D volumetric medical images
demonstrate marked improvements in stability and rotational consis-
tency compared to both classical GLCM and the original directional
Differentiable-GLCM. Measured via Frobenius-norm metrics, these im-
provements are particularly strong for higher-order texture descriptors.
Overall, directionally aggregated Differentiable-GLCM offers a compact,
rotation-robust, and optimization-ready texture descriptor that serves
as a drop-in replacement for classical GLCM in radiomics, variational
segmentation, and neural network pipelines.

Keywords: Differentiable-GLCM · Directional Aggregation · Rotational
Robustness.
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1 Introduction

Texture descriptors are central to medical image analysis, providing quantita-
tive measures of tissue heterogeneity for diagnosis, grading, and outcome pre-
diction. Among statistical texture models, the Gray Level Co-occurrence Ma-
trix (GLCM) remains widely used in radiomics due to its ability to capture
second-order spatial dependencies. However, classical GLCM relies on discrete
offsets, fixed orientations, and hard quantization, which introduces rotation sen-
sitivity and precludes differentiability, limiting robustness and integration with
optimization- and learning-based models.

In our prior work, we proposed a Differentiable-GLCM framework in contin-
uous space, where co-occurrence statistics are computed using radius-weighted
neighborhoods rather than discrete pixel pairs [4]. This formulation yields smooth,
differentiable co-occurrence matrices for prescribed displacement directions, im-
proving geometric consistency and enabling gradient-based optimization. Never-
theless, the construction remains directional: each matrix is tied to a specific dis-
placement direction, and using multiple directions results in a high-dimensional
representation that is still orientation-sensitive and computationally costly.

In this paper, we introduce a directionally aggregated extension of this frame-
work and adopt the term Differentiable-GLCM to describe both the original
continuous formulation and its aggregated variants. We develop three averaging
strategies: (i) discrete directional averaging over a finite set of orientations, (ii)
continuous angular integration to obtain a highly isotropic co-occurrence repre-
sentation, and (iii) a band-based circular approximation that preserves structural
accuracy while reducing computational cost. Experiments on rotated 2D/3D
medical images demonstrate consistent improvements in rotational consistency
for both co-occurrence matrices and derived texture features, particularly for
higher-order metrics. The resulting descriptor is compact, rotation-robust, and
directly compatible with IBSI-style radiomics features, making it a practical
plug-in replacement for classical GLCM.

2 Related Work

2.1 Texture Analysis

Texture analysis plays a foundational role in image processing and pattern recog-
nition, providing quantitative descriptors of spatial arrangements and surface
characteristics of intensity variations. Over the past several decades, texture
features have been widely used in applications ranging from material inspec-
tion and industrial quality control to remote sensing, medical imaging, and mo-
tion analysis [3]. Numerous approaches have been proposed—including statis-
tical, structural, model-based, and transform-domain methods—but statistical
co-occurrence models remain among the most influential due to their ability to
capture spatial dependencies while remaining computationally tractable.
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2.2 Radiomics and Texture-Based Biomarkers

Radiomics has emerged as a powerful framework for quantitative medical im-
age analysis, enabling high-throughput extraction of clinically meaningful fea-
tures from CT, MRI, and PET scans [14, 9]. Radiomic features encompass first-
order statistics, geometric shape descriptors, and a wide range of texture met-
rics—including those derived from GLCM—that reflect tissue microstructure
and heterogeneity. When integrated with clinical and molecular data, such fea-
tures can support predictive modeling for diagnosis, prognosis, and treatment
response [13, 16]. A typical radiomics workflow includes image acquisition, seg-
mentation, feature extraction, data management, and model building [12]. Ro-
bustness across scanners, protocols, and segmentations remains a central chal-
lenge, particularly for texture descriptors that are sensitive to image orientation
or resampling.

2.3 Classical GLCM and Directional Aggregation Strategies

The Gray-Level Co-occurrence Matrix (GLCM), introduced by Haralick et al. [11],
remains a cornerstone in texture analysis for capturing second-order statistics
of gray-level pairings [15]. Despite its wide adoption in segmentation, classifica-
tion, and radiomics, classical GLCM exhibits several fundamental limitations: it
relies on discrete pixel offsets, operates on a small set of fixed angular directions,
and lacks geometric continuity. These properties introduce rotational bias and
reduce robustness, particularly in isotropic or 3D imaging scenarios.

To address these challenges, numerous studies have investigated multi-orientation
or aggregated GLCM formulations. Directionally averaged GLCMs and multi-
angle integration have demonstrated improvements in robustness, discriminative
power, and noise resilience. For example, a multi-direction GLCM method was
applied to SAR image segmentation [6], where texture similarity between super-
pixels was computed from several orientations, enhancing region merging under
complex scattering conditions. Other aggregation strategies include principal-
component or quadratic averaging of GLCM entries, which have been shown to
improve texture classification accuracy by preserving richer co-occurrence struc-
ture than standard Haralick features [1].

Additional work has demonstrated the value of aggregated GLCM features
in medical imaging. GLCM descriptors were combined with Local Binary Pat-
terns (LBP) and a nonlinear interaction feature space to enhance the classifica-
tion of glioma, meningioma, and pituitary tumors [8]. Aggregated and nonlinear
GLCM-derived statistics were shown to substantially improve discriminative per-
formance, achieving classification accuracies exceeding 99%. Similarly, Xian [17]
used GLCM texture features averaged across four canonical directions to distin-
guish malignant from benign liver tumors in ultrasound images. Using a fuzzy
SVM classifier, the aggregated GLCM-based system achieved an accuracy of
97%, outperforming conventional SVM approaches.

These studies collectively reinforce the importance of integrating texture in-
formation across multiple orientations. However, nearly all existing approaches
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remain inherently discrete, relying on a finite set of angular samples. This dis-
crete sampling limits rotational consistency and precludes smooth, differentiable
formulations suitable for optimization-based segmentation or learning frame-
works. These limitations motivate the need for continuous and differentiable
co-occurrence models that provide highly isotropic texture representations.

2.4 Generalized, Continuous, and Differentiable GLCM Methods

Recent work has explored generalized GLCM formulations to address the non-
differentiability and grid dependence of classical counting-based approaches.
In our prior work, we introduced a continuous, radius-weighted co-occurrence
framework in which discrete pixel offsets are replaced by continuous displace-
ment vectors, yielding smooth and differentiable co-occurrence matrices [4]. This
formulation improves geometric consistency and enables integration with varia-
tional segmentation and learning-based models.

However, the framework remains directional, producing one co-occurrence
matrix per displacement direction. As a result, residual orientation dependence
persists, and the collection of directional matrices becomes high-dimensional and
inefficient for radiomics pipelines and optimization-based applications. While dis-
crete directional averaging has been considered, continuous angular integration
remains largely unexplored—particularly in differentiable settings—motivating
the need for a rotation-robust generalization.

3 Motivation

Although the generalized continuous GLCM framework enables differentiability
and improved geometric consistency, its directional construction limits robust-
ness and practicality in radiomics and model-based segmentation.

3.1 Rotation Robustness and Stability

Each directional matrix captures texture statistics along a single orientation and
therefore remains sensitive to object pose, scanner geometry, and preprocessing-
induced rotations. In medical imaging scenarios involving isotropic tissues or
variable patient positioning, this sensitivity introduces undesirable variability.
Aggregating co-occurrence information across orientations produces a single isotropic
representation that suppresses orientation bias and reduces variance, yielding
more stable texture estimates under noise, resampling, and small perturbations.

3.2 Efficiency and Radiomics Compatibility

Maintaining a full stack of directional matrices increases storage, memory us-
age, and differentiation cost, particularly in large 3D volumes or iterative op-
timization. Collapsing the orientation dimension into a single aggregated ma-
trix substantially reduces computational overhead while preserving descriptive
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power. Moreover, most radiomics feature definitions standardized by the Image
Biomarker Standardisation Initiative (IBSI) are based on directionally averaged
GLCMs, making an aggregated formulation a direct plug-in replacement for clas-
sical GLCM.

3.3 Integration into Segmentation and Learning Frameworks

Optimization-based methods and neural networks favor compact, differentiable
descriptors. A large collection of directional co-occurrence matrices complicates
energy formulation and gradient computation, whereas an aggregated represen-
tation enables cleaner variational models and more efficient end-to-end learning.

These considerations motivate the development of a directionally aggregated
extension of the Differentiable-GLCM framework. The aggregated formulation
preserves the benefits of continuity and differentiability while mitigating residual
direction dependence, resulting in a rotation-robust, computationally efficient,
and model-friendly texture descriptor.

4 Method

4.1 Previous Method

In our previous work, we introduced a continuous and differentiable generaliza-
tion of the classical Haralick GLCM [4]. Rather than counting gray-level pairs
at a single discrete offset, our method computes co-occurrence statistics over an
ℓ2-based displaced neighborhood. Consequently, each matrix entry is formed by
a spatially weighted aggregation of surrounding locations consistent with a pre-
scribed displacement magnitude, instead of relying on a single paired pixel. This
method has demonstrated strong discriminative power in extracting textural
features and improved rotation robustness compared to traditional GLCM [5].

Formally, for a reference pixel at spatial position (xi, yj), we consider a
circular neighborhood N of radius r and displace it by a continuous vector
δ = (δx, δy), yielding a displaced neighborhood N̂ . Each point (x̂, ŷ) ∈ N̂ is as-
signed a spatial weight w(d̂) that depends on its Euclidean distance d̂ from the
displaced center, and the contribution of the neighborhood to the co-occurrence
entry GLCM(g1, g2) is obtained by summing the normalized weights over all pix-
els whose quantized gray levels match (g1, g2). This construction replaces hard,
single-offset counting with a smooth, radius-weighted aggregation that is natu-
rally differentiable with respect to both intensities and geometry, and that im-
proves rotational robustness by relying on an ℓ2 ball rather than an axis-aligned
window.

4.2 Discrete Averaging

The traditional Gray-Level Co-occurrence Matrix (GLCM) method, often re-
ferred to as Haralick’s formulation [11], computes co-occurrence statistics along
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Fig. 1: Schematic illustration of our generalized GLCM construction. For each
reference location, a circular neighborhood is displaced by a vector δ and all
pixels in the displaced neighborhood contribute to the co-occurrence statistics
with distance-dependent weights.

a set of discrete spatial directions. In 2D, four principal directions are typically
considered (0◦, 45◦, 90◦, and 135◦), while in 3D this set is commonly extended
to 13 unique directions. For each direction and displacement, a GLCM tabulates
how often pairs of gray levels co-occur at that relative offset.

Fig. 2: Schematic illustration of the principal spatial directions used for 2D
GLCM computation (0◦, 45◦, 90◦, 135◦). Directional GLCMs are first computed
separately along each orientation and can then be combined by directional av-
eraging [7].

A common strategy to reduce directional sensitivity is to compute GLCMs
along multiple fixed directions and then aggregate them by arithmetic averaging.
Let GLCMθk(g1, g2) denote the co-occurrence matrix computed at angle θk for
gray levels g1 and g2, and let Nθ be the number of directions. The directionally
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averaged GLCM is defined as

GLCMavg(g1, g2) =
1

Nθ

Nθ∑
k=1

GLCMθk(g1, g2). (1)

This discrete averaging reduces orientation dependence and improves rotational
consistency of the derived texture features.

In our experiments, we adopt the same multi-directional scheme for both
the classical (Haralick) GLCM and our generalized GLCM formulation: GLCMs
are first computed along all available directions, and then their directionally
averaged versions are used for a fair and consistent comparison.

4.3 Continuous Averaging

Continuous Averaging with Angular Integration To achieve comprehen-
sive rotational robustness in the continuous co-occurrence framework, we in-
troduce an integral-based approach that averages spatial weight contributions
across all possible displacement directions.

Fig. 3: Angular Integration of Weight
Functions

Fig. 4: Simplified Formulation
of Weight Functions

For a given reference pixel at (xi, yi) and a contributing pixel at (x̂, ŷ), the
localized spatial weight w(x̂, ŷ, θ) for a specific displacement angle θ and magni-
tude δ decays quadratically within a neighborhood radius r. To generalize this
into a highly isotropic representation, we integrate these localized spatial re-
lationships over the full 2π angular domain. The resulting aggregated weight
distribution, W (x̂, ŷ), represents the total accumulated contribution:

W (x̂, ŷ) =

∫ 2π

0

w(x̂, ŷ, θ)dθ. (2)
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Because the contributing pixel only falls within the active radius r for a
restricted subset of angles—defined symmetrically by a maximum angular de-
viation αi—this global integral reduces to a bounded domain. Evaluating this
bounded integral yields an exact, closed-form analytic solution:

W (x̂, ŷ) = 2 arccos

(
ρ2i + δ2 − r2

2δρi

)(
1− ρ2i + δ2

r2

)

+
4δρi
r2

√
1−

(
ρ2i + δ2 − r2

2δρi

)2

, (3)

where ρi = ||(xi, yi)− (x̂, ŷ)|| denotes the inter-pixel distance. If the argument of
the arccosine falls outside the valid domain [−1, 1], the pixel lies entirely outside
the reachable annular region for any angle θ, and W (x̂, ŷ) is strictly set to zero.

A comprehensive geometric derivation of the active integration domain, the
angular limits, and the final analytic form is provided in Appendix A.

Continuous Averaging with Simplified Formulation of Weight Func-
tions To achieve a computationally efficient continuous formulation, we replace
the exact angular integral with a radial weighting scheme evaluated over an an-
nular region (or “band”). As illustrated in Fig. 4, for each reference pixel (xi, yi)
within the region of interest (ROI), this band encompasses all neighboring pixels
whose radial distance approximates the prescribed displacement magnitude δ.
Specifically, given a neighborhood radius r, the band spans the radial interval
[δ − r, δ + r]. For each pixel (x̂, ŷ) within this region, we assign a continuous
spatial weight based on its radial deviation from the ideal displacement, defined
as:

w = 1−

(√
(x̂− xi)2 + (ŷ − yi)2 − δ

)2

r2
(4)

This weight function ensures that pixels closer to the displaced center receive
higher contributions, while those at the outer edges of the band contribute less.
By integrating this weighting scheme across all pixels in the band, we obtain a
smoothly averaged version of the GLCM, improving robustness to variations in
object shape and texture.

4.4 GLCM Radiomics Feature in 3D

To evaluate the effectiveness of our continuous GLCM framework in three dimen-
sions, we extended the 2D spatial aggregation formulation to the 3D volumetric
domain. In this setting, each reference voxel (xi, yi, zi) contributes to the co-
occurrence matrix based on a spherical neighborhood displaced by a 3D vector
δ with fixed magnitude δ and direction parameterized over the unit sphere.

Specifically, for each reference voxel (xi, yi, zi) inside the ROI, we identify
all voxels (x̂, ŷ, ẑ) such that their Euclidean distance to the reference voxel lies



Differentiable-GLCM with Directional Aggregation 9

within the band [δ − r, δ + r]. We then assign a simplified continuous weight to
each voxel using the following formula:

w = 1−

(√
(x̂− xi)2 + (ŷ − yi)2 + (ẑ − zi)2 − δ

)2

r2
(5)

This function encodes the relative spatial relationship between the reference
voxel and its neighbors located at a fixed radial distance, decreasing smoothly
as the deviation from the ideal displacement magnitude increases.

We conducted experiments on volumetric medical image data to compare the
rotational consistency of GLCMs derived using our continuous 3D volumetric
formulation.

5 Results

The averaging methods were evaluated on a diverse cohort of clinical CT cases,
including both brain and lung tumor datasets sourced from Radiopaedia and the
Ri.MED Foundation [4, 2]. To systematically assess rotational consistency, the
volumes were subjected to synthetic spatial rotations in 45◦ increments utilizing
linear interpolation. The visualizations and quantitative metrics presented herein
were derived from a representative brain CT ROI to ensure consistent geometric
comparison across all aggregation strategies.

5.1 Discrete Averaging

Here we report the relative error in Fig. 5, showing that the higher-order feature
metrics become considerably more stable under directional averaging than in the
single-direction case.

Fig. 5: Relative Error Between Original
and Rotated Image at ∥δ∥2 = 50 (Dis-
crete)

Fig. 6: Relative Error Between Original
and Rotated Image at ∥δ∥2 = 50 (3D)
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5.2 Continuous Averaging

By applying the integrated weights in Eq. 3 and the simplified weights in Eq. 4,
the resulting Frobenius norms between the GLCM matrices of the original and
rotated images, together with their relative errors, are shown in Fig. 8.

(a) Frobenius norm between original and
rotated GLCMs, obtained using inte-
grated and simplified weights.

(b) Radiomics Features vs Radius (Origi-
nal) in 3D.

Fig. 7: GLCM-based stability evaluation versus neighborhood radius at displace-
ment ∥δ∥2 = 50. (a) Frobenius norm stability metric comparing integrated versus
simplified weighting. (b) 3D Radiomics Features for the original image configu-
ration.

As shown in Fig. 7a, the curves obtained with integrated and simplified
weights are nearly indistinguishable, indicating that the simplified weighting
scheme closely approximates the full integrated formulation. To quantify this
agreement more explicitly, we also report the relative error between the two
methods in the following analysis:

The resulting GLCMs preserve key structural properties while eliminating
directional bias. Although the integrated-weights formulation is mathematically
more accurate, our experiments show that using simplified weights does not
materially affect the final texture representation. Frobenius-norm comparisons
between GLCMs computed with both schemes exhibit only minor discrepancies,
indicating that the simplified approach closely approximates the integrated for-
mulation. Consequently, in practical settings where computational efficiency is
critical, the simplified weighting can be used directly without significantly com-
promising texture characterization, while the integrated scheme remains avail-
able when maximal fidelity is required.
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(a) Integrated Weights

(b) Simplified Weights

Fig. 8: Relative Error Between Original and Rotated Images at ∥δ∥2 = 50 Using
Integrated and Simplified Weights
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5.3 Results in 3D Volumetric Data

To assess the rotational invariance of the proposed method in a volumetric con-
text, we rotate the input volume and compute the Frobenius norm (Euclidean
distance) between the GLCMs derived from the original and rotated 3D data.

For this evaluation, we select a region of interest (ROI) bounded between
coordinates (100, 100, 10) and (200, 200, 20). This ROI spans eleven slices along
the z-axis, capturing a substantial three-dimensional structure. It is important
to utilize a sufficiently deep volume for this assessment, as evaluating on very
thin slices would nearly reduce the analysis to a purely 2D case. By comparing
GLCMs computed on the original and rotated volumes in this larger domain, we
aim to assess the method’s ability to maintain rotational invariance when the
data exhibit increased depth and more complex spatial variations.

For quantization, we set the number of gray levels to 64, a choice that has
been previously tested and shown to offer the best trade-off between texture rep-
resentation accuracy and computational stability across rotations. We evaluate
the method using a displacement magnitude of ∥δ∥2 = 50 in Fig. 7b.

The results demonstrate that the Frobenius norms of the evaluated cases align
with our expectations, indicating that the proposed method performs effectively
in 3D settings.

To further validate this result, we present a comparison of radiomics features
for the case with displacement magnitude ∥δ∥2 = 50 in Fig. 6.

6 Conclusion and Future Work

In this work, we enhance the Differentiable-GLCM framework by introducing
directionally aggregated strategies—discrete averaging, continuous angular inte-
gration, and a simplified spatial weighting scheme—to achieve highly robust rota-
tional consistency. Across all 2D and 3D experiments, these methods consistently
improved the stability of co-occurrence statistics, particularly for higher-order
texture descriptors. Relative error analyses demonstrate that discrete and con-
tinuous aggregations converge toward a stable, highly isotropic representation,
while the simplified spatial weighting provides a highly efficient approximation
without significant loss of structural fidelity.

While this study establishes the theoretical foundation and statistical ro-
bustness of the directionally aggregated Differentiable-GLCM, we acknowledge
certain limitations in the current evaluation scope. A primary direction for future
work is systematically benchmarking the computational cost of our continuous
formulations against classical GLCM and other rotation-invariant descriptors.
Furthermore, we will transition from intrinsic stability metrics to comprehen-
sive downstream task evaluations. Because the inherent differentiability of our
formulation is maintained with respect to both image intensities and region ge-
ometry, it is highly suitable for variational segmentation. This will enable the
derivation of texture-driven shape gradients for active contours and 3D surfaces,
allowing segmentation to be guided by local second-order structures rather than
solely by intensity contrast.
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To facilitate broad clinical translation and downstream classification tasks,
the proposed aggregated framework will be natively integrated into the open-
source PyRadiomics ecosystem [10] as a first-class feature family. This open-
source extension will support robust 2D and 3D computation, including utilities
for mapping physical displacements to voxel spaces to handle anisotropic resolu-
tion. Overall, directionally aggregated Differentiable-GLCM provides a rotation-
robust, differentiable co-occurrence model that bridges classical texture analysis
with modern optimization and learning-based methods, establishing a flexible
foundation for future methodological advances and clinical applications.
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A Derivation of the Continuous Angular Integral

This appendix provides the detailed geometric derivation for the continuous
angular integration introduced in Section 4.3. For a reference pixel (xi, yi), a
displaced center is parameterized by a displacement magnitude δ and orientation
θ:

(x̂i, ŷi) = (xi, yi) + δ(cos θ, sin θ). (6)

The spatial influence on a contributing pixel (x̂, ŷ) is governed by a quadrat-
ically decaying weight function capped at a neighborhood radius r:

w(x̂, ŷ, θ) = 1−
min

(
r2, ||(xi, yi) + δ(cos θ, sin θ)− (x̂, ŷ)||2

)
r2

. (7)

To achieve an isotropic representation, we integrate this weight over the full
2π domain:

W (x̂, ŷ) =

∫ 2π

0

w(x̂, ŷ, θ)dθ. (8)
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Because (x̂, ŷ) only falls within the active radius r for a restricted subset of
angles, the integral reduces to an active angular bound [θ−i , θ

+
i ]:

W (x̂, ŷ) =

∫ θ+
i

θ−
i

(
1− ||(xi, yi) + δ(cos θ, sin θ)− (x̂, ŷ)||2

r2

)
dθ. (9)

The limits of integration are defined symmetrically around a principal angle
θi by a maximum angular deviation αi, such that θ−i = θi−αi and θ+i = θi+αi.
Geometrically, αi represents the boundary where (x̂, ŷ) intersects the perimeter
of the displaced region. Setting the squared distance equal to r2:

||(xi, yi) + δ(cos θi, sin θi)− (x̂, ŷ)||2 = r2. (10)

Expanding the squared L2-norm yields:

||(xi, yi)− (x̂, ŷ)||2 + 2δ(cos θi, sin θi) · ((xi, yi)− (x̂, ŷ)) + δ2 = r2. (11)

Let ρi = ||(xi, yi)− (x̂, ŷ)|| denote the inter-pixel distance. Applying the dot
product identity (cos θi, sin θi) · ((xi, yi) − (x̂, ŷ)) = −ρi cosαi, the expansion
simplifies to:

ρ2i + δ2 − 2δρi cosαi = r2. (12)

Isolating the angular term provides the explicit solution for the maximal
deviation:

αi = arccos

(
ρ2i + δ2 − r2

2δρi

)
. (13)

Using the substitution α = θ − θi, the continuous weight integral becomes:

W (x̂, ŷ) =

∫ αi

−αi

(
1− ρ2i − 2δρi cosα+ δ2

r2

)
dα. (14)

Evaluating the integral by splitting the terms gives:

W (x̂, ŷ) = 2αi

(
1− ρ2i + δ2

r2

)
+

4δρi
r2

sinαi. (15)

Using the trigonometric identity sinαi =
√
1− cos2 αi, we substitute the

previous expression for cosαi:

sinαi =

√
1−

(
ρ2i + δ2 − r2

2δρi

)2

. (16)

Substituting αi and sinαi back into the evaluated integral yields the final
analytic formulation:

W (x̂, ŷ) = 2 arccos

(
ρ2i + δ2 − r2

2δρi

)(
1− ρ2i + δ2

r2

)
+
4δρi
r2

√
1−

(
ρ2i + δ2 − r2

2δρi

)2

.

(17)


