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Abstract. In this paper we evaluate the performance of topological fea-
tures for generalizable and robust classification of firn image data, with
the broader goal of understanding the advantages, pitfalls, and trade-
offs in topological featurization. Firn refers to layers of granular snow
within glaciers that haven’t been compressed into ice. This compactifi-
cation process imposes distinct topological and geometric structure on
firn that varies with depth within the firn column, making topological
data analysis (TDA) a natural choice for understanding the connection
between depth and structure. We use two classes of topological features,
sublevel set features and distance transform features, together with per-
sistence curves, to predict sample depth from microCT images. A range of
challenging training-test scenarios reveals that no one choice of method
dominates in all categories, and uncovers a web of trade-offs between
accuracy, interpretability, and generalizability.
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1 Introduction

Image classification is a well-studied area of machine learning with important
real-world applications. The classification of textures presents a specific chal-
lenge, namely that a well-tuned classifier should be roughly invariant under
various rigid transformations of the image. For example, a patch of sand should
not change its classification label if rotated 180°, while an image of a 6 can
become an image of a 9 under such a transformation. This invariance can be
incorporated into the machine learning pipeline in various ways. One could add
transformed versions of each image to the training set (data augmentation), or
one could force the required invariance in the architecture of the classifier itself
(invariant machine learning [17,4]). We focus on a third option, namely invari-
ant featurization — transforming the data into vectors in an invariant way before
feeding them into a standard machine learning pipeline.

For this purpose we draw on the well-suited family of methods called topo-
logical data analysis (TDA). TDA is a cluster of data analysis methods based
on theory from algebraic topology. One key tool in TDA is persistent homology
which tracks the appearance and disappearance of topological features (such
as connected components and holes) over a range of scales or thresholds. Since
its introduction by Edelsbrunner, Letscher and Zomorodian in 2000, persistent
homology has had wide-ranging applications in areas such as geospatial data,
time series data, image classification, medical diagnostics, dimension reduction,
deep learning, and more. Most relevant to our work are applications to texture
classification in [7,9].

In this paper, we undertake a particular image classification task on geological
data to evaluate and compare the performance of various persistent homology
featurizations. Specifically, our dataset consists of firn image data obtained from
X-ray micro-computed tomography (micro-CT) scans of shallow ice cores. This
dataset has a number of unique features, which are visible in the examples in
Figure 1.

— Each image is grayscale and while each is roughly divided into a foreground
(pore space) and background (ice space), there is enough variation and noise
in each to make extracting a binary image non-trivial.

— The pore space and ice space complex (as opposed to the granular noise)
can be viewed as a medium-scale texture in that the pattern does not have
any well-defined orientation or boundary.

— Even within the sample images, a clear trend can be noticed as depth in-
creases: the pore space goes from a connected complex taking up roughly
half of the image to a set of small bubbles.

Each sample in our dataset comes with a label indicating the depth (on the
ice core) at which the scan was taken, with ten possible values corresponding
to ten sampling locations. Our classification task is to predict depth from an
image. Since the effect of depth on the firn structure is the result of well-studied
geological processes, a long term goal is to apply a depth predictor trained on
this ice core to other ice core images. By comparing the predictions with ground
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Fig. 1: One sample image per depth for the firn dataset. Gray areas are ice, while
the black areas show the pore (air) space.

truth for the alternate core, we can gauge the geological differences between the
two sites where the cores were taken. It may be, for example, that the geological
forces that produced the 26m sample in our core correspond to much deeper or
shallower samples in another core.

Persistent homology features, which are invariant under many different trans-
formations, are naturally suited to this task since they can help mitigate over-
fitting (say to specific locations within each image) and promote generalizability
and robustness. Indeed, TDA methods have already been used to study this
dataset [6,11,2,12]. Our study involves two methods of persistent homology fea-
turization: sublevel set filtration, which computes topological features at various
pixel intensity thresholds, and distance transforms, which computes topological
features by slowly thickening up the background region of the image.

We set up a range of different prediction and classification tasks, aiming to
find a featurization which is accurate, robust to various manipulations of the
test set, and which can extrapolate to out-of-sample depth values. Ultimately,
we find that none of the featurizations we consider satisfy all these requirements
perfectly. Instead, our experiments reveal an interesting web of trade-offs be-
tween our desiderata, and insights into the use of topological features on firn
images and similar datasets.

We now briefly outline the rest of the paper. We begin in the next section
with some necessary backrgound including a more detailed description of the
dataset and its geological properties. We then outline our classification methods
and experiments in Section 3, and give some results and discussion in Section
4. We conclude the paper with a summary of the lessons learned during the
process, and some directions for future work on TDA and firn.
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2 Background

2.1 Firn image data

Firn is a porous medium that forms in polar regions where snow does not com-
pletely melt during the summer season; instead, it accumulates, densifies, and
ultimately becomes glacial ice. Firn comprises a matrix of dense snow with an
interconnected pore space, which undergoes densification due to the increasing
pressure from the accumulation of snowfall on the surface. The zone at the top
of glaciers and ice sheets where the firn is densifying is referred to as the firn
column. As depth increases, the ice matrix grows and the pore space constricts
until the pores close off into individual bubbles within the ice at the bottom of
the firn column (Figure 1).

The process of densification and its impact on the underlying microstructure
of firn, has important implications on many glaciological applications. Recent
studies suggest that microstructural information is needed to improve empirical
models of firn densification [13], but the technique generates large amounts of
data with unique challenges. Additionally, there are no universal image process-
ing and analysis methods for extracting useful microstructural information from
the micro-CT data. TDA is well-suited for improving firn microstructure classi-
fication, since topological features are invariant under rotation, translation and
other rigid transformations which should be viewed as a result of changes in the
sampling technique and not the underlying geological data.

The firn micro-CT data used in this study were collected by Kaitlin Keegan
from a core collected at NEEM, Greenland, and they were processed with a
Skyscan 1172 micro-CT scanner housed within a cold laboratory. Each scan
produced a stack of approximately 900 2-D cross-sectional images that represent
the original 3-D sample. The cross-sectional images, or slices, are grayscale where
gray pixels represent the ice-space and black pixels represent the pore-space of
the firn. Pixel values range from 0 (black) to 255 (white). For each core, every
5t slice was subsampled. We investigate the microstructure of samples from ten
sample depths ranging from 7m to 78 m, roughly spanning the entire firn column
at that site. Figure 1 shows one cross-sectional image from each sample depth.
Note how the amount of pore space decreases as the depth increases. The result
is a transition from a connected, curved pore space to a collection of bubbles as
depth increases.

2.2 Persistent homology

For an introduction to the full theory of persistent homology we invite the reader
to the paper [15] or to one of the recent book-length treatments such as [5]. In
this section we give a brief overview. Persistent homology begins with a nested
sequence of spaces

Xo X3

In our case, each Xj will represent a set of pixels in a fixed image, produced
in one of two ways (see Section 3), which grows as I increases. As the set of
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pixels grows, topological features such as holes (0-th dimensional features) and
connected components (1-dimensional features) appear and disappear, and they
can be tracked in a well-defined way using the cubical complex implementation
of persistent homology in [16]. Each feature has a birth and death time. For each
dimension, every birth-death pair is represented as a point (b; d) in the plane to
create a persistence diagram. Note that we always have b < d, and it is customary
to include the y = X line in persistence diagrams.

2.3 Persistence curves

In an ideal world, raw persistence diagrams could serve as the input to a classifier.
However, most well-established and efficient supervised machine learning algo-
rithms require vectors as input. Converting persistence diagrams into vectors is
unsurprisingly an area of active research. Some standard choices are persistence
landscapes [3] and persistence images [1]. For our study, we utilize persistence
curves, based on their usefulness for texture classification in [9]. Persistence
curves are a general family of methods for producing vectors from persistence
diagrams. We select two for this paper, namely the Betti curve and the Gaus-
sian persistence curve. Other choices are possible (for example, lifespan curves),
but we choose two curves which represent an interesting trade-off between in-
terpretability and stability. Indeed, the Betti curve has a simple interpretation
in terms of counting topological features (as we will see below), but is not as
smooth the Gaussian persistence curve [8].

Definition 1 (Betti curve). Consider a k'"-dimensional persistence diagram

given by
Fe=f(xy)2R*jx t<yg

which we call a fundamental box at threshold t. We define the k™ Betti curve
to be the function

k(t) = #(Fc\ P)

where # counts the number of elements.

See Figure 2 for a visual exposition of how the Betti curve is created from
view i as a vector in RN. In this paper, we always concatenate the o and
curves to obtain a vector Vgetti 2 R?N. By the Fundamental Lemma, of Persistent
Homology [10, p. 118], k(t) is the k™ Betti number of the sublevel set given
by the threshold t, hence the name. Recall that the 0" Betti number counts
connected components while the 15t Betti number counts holes. In summary:
the Betti curves  and ;1 encode the changing topology of a sequence in a
straightforward way: o(t) and 1(t) are the number of connected components
and holes respectively in Xt.
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Definition 2 (Gaussian persistence curve). Consider a k'"-dimensional

tion :R2 ¥ [0;1) satisfying (x;x) =0forallx2R and a2 2 covariance
matrix , we define the k™-dimensional persistence surface to be the function

P)= > b=

(b;d)eP

where g(;q);> is a bivariate normal distribution with mean (b; d) and covariance
matrix . We define the k' Gaussian persistence curve to be the function

k(D) = (P)dxdy

Fe

where F is the fundamental box at threshold t.

The Gaussian persistence curve can be viewed as a smoothed and re-weighted
version of the Betti curve: points are replaced by Gaussians, an idea originating
with persistence images [1], and points far from the diagonal are up-weighted
using . In our experiments, we use (b;d) = W throughout. Note
that this weighting function depends on the diagram, so that it is normalized in
a weak sense. We use = 1001l for the sublevel set featurization and = 251
for the distance transform featurization (described in the next section), since the
latter has a smaller maximum value. As with the Betti curves, we concatenate
0 and 1-dimensional curves to obtain a vector Vaaussian 2 R2N.

200 = 200 ¥
H -3 800
150{ | 150

50259 = 50 5015 600

50 100 150 200 50 100 150 200 500
Birth Birth

@ 400

300

200

100

50 100 150 200 50 100 150 200 0 50 100 15 200 250
Birth Birth Threshold

(a) Fundamental box (b) Betti Curve

Fig. 2: Computing the 0" Betti curve (right) from the 0%'-dimensional persis-
tence diagram (left). The red dashed lines indicate the extent of the fundamental
box at each threshold t.
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2.4 Random forests

Random forests are built using decision trees. Decision trees assign outcomes (in
our case, depth values) to inputs using axis-aligned decision boundaries, where
the quality of a particular set of decision boundaries is evaluated through a loss
function. Decision trees can be used to predict a scalar outcome using linear
regression as the final stage, or they can be used to classify into predefined
categories. We will use both versions in our experiments. Decision trees are non-
parametric so they have low bias but high variability. A standard solution to try
to minimize the total prediction error is to aggregate the results using a set of
distinct decision trees, which together are called a random forest. To create the
random forest, new decision trees are created using bootstrapped samples of the
data and a random subsample of features at each node, rather than using the
entire dataset at every possible stage. We use random forests as our final stage
in our classification pipeline since they require very little parameter tuning and
also are capable of producing explainable results.

3 Methods

In this section, we describe the two topological featurization methods used on the
firn images as preprocessing steps, which we evaluate and compare in the next
section. In each case, persistent homology was compute using the gudhi library’s
implementation of the cubical complex method in [16]. A visual overview of each
method is given in Figure 3.

20007
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Image Sequence Betti Curves

(a) Sublevel set featurization

.vr) _ 15
{1 - e -

Image Binarized Sequence Betti Curves

(b) Distance transform featurization

Fig. 3: Visual representations of the two topological featurizations for an example
image, using Betti curves as an example.
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3.1 Sublevel set featurization

Our first featurization method is inspired by the texture classification method
in [7]. Each pixel in a grayscale image carries an intensity value from 0 to 255.
Let Xt denote the set of pixels with intensity at most t, so that Xos5 is the entire
image. Each image gives rise to a sequence of expanding pixel regions

Xo X Xas5

This data gives rise to two Betti curves (for 0" and 15t dimension) as described
in Sections 2.2 and Sections 2.3 above, concatenated to give a Betti curve vector
v, 2 R®'? and a Gaussian persistence curve vgS . 2 R512,

3.2 Distance transform featurization

Our second method is an implementation of the idea in [11] to use a distance
transform (DT) instead of raw pixel intensities. Each image is binarized using
Gaussian smoothing and Otsu’s binarization method [14] so that pixels are as-
signed to either ice space or pore space. We define a function  on the image as
follows. On an ice space pixel, f is defined to be zero. On a pore space pixel, f
is defined to be the Euclidean distance (in pixel space) to the nearest ice space
pixel. Define X1 to be the set of pixels with f value less than t:

Xpr = ()i F((i;)) tg
This definition gives rise to a sequence of spaces
Xi, X, Kin

where t; <ty < < ty are the values in the range of f, rounded to integers.
Note that this sequence is different to the sequence in the previous section.
This sequence gives rise to a persistence curves, which we denote by vET.. and
VET ian for Betti and Gaussian persistence curves respectively. In practice, we
note that  has a upper bound of 100, so our resulting vectors lie in R2%°,

3.3 Experiments

Our input data consists of the images of firn at various depths, and the outcome
to be predicted is the depth. As input features, we consider four options: the
sublevel set featurization vSS or the distance transform featurization VvPT, with
either Betti or Gaussian curves for each choice. On all featurizations, we use one
of two types of predictor: a random forest regression method to predict depth
as a scalar variable, or random forest classifier method to predict depth as a
categorical variable with ten choices, using default sklearn parameters in both
cases.

In order to test the generalizability of each setup, we create a range of chal-
lenging test-set scenarios:
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