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Abstract. A new approach to the problem of efficient use of available a priori 

knowledge for deep analysis of complicated data is presented in case when sev-

eral hypotheses are studied simultaneously that bound, in different and compet-

ing ways, some known or expected partial laws in the process of forming values 

of an aggregated numerical observable. A comparison of the adequacy of com-

peting hypotheses is performed through a top-down refinement of the cumula-

tive measure of difference in bit cells of the feature space. Considerations for 

organizing a user-friendly research interface are presented, including the use of 

quadtree techniques, which display the behavior of the measure in various bit 

layers of the sample on the monitor screen. The goal is to explore ways to lev-

erage applied competencies, primarily imprecise and incomplete ones, as well 

as informal experience, subjective assumptions, and expert guesses. The CLT 

and the concept of generalized precedent (GP) as a multidimensional analogue 

of the Hough transform are used as instruments. 
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1 Introduction 

The problem of effectively leveraging a priori knowledge is relevant for many applied 

areas where tasks arise involving analyzing and predicting the behavior of complex 

data samples. Often, a complex sample arises in today's saturated information envi-

ronment and is studied "from scratch," and, as consequence, the value of the resulting 

conclusions is limited by the volume of data analyzed. At the same time, for some 

recorded object characteristics, many data behavior patterns are discovered earlier, 

verified through years, and now known to the expert in the applied field. For these 

reasons, a wide variety of schemes, approaches, models, and algorithms developed 

based on them are used worldwide, all designed to utilize useful a priori information 

to the maximum extent [1-9]. 

This paper explores an approach to the problem based on the concept of general-

ized precedents (GP). V.V. Ryazanov proposed an approach with GP in order to uti-

lize some properties of a simple description of clusters of a certain shape, found in a 

sample or on an image. The first successful example of this approach was proposed 

earlier by Yu.I. Zhuravlev in the form of a logical regularity representing a specific 

class in a sample Х⊂R
N
 in the form of a DNF, as a logical sum of conjunctions of 
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predicates for a new object's compliance with threshold constraints on the principal 

axes in R
N
. The main advantage was the computational efficiency of threshold com-

parisons. Moreover, the decision rule was easily interpreted in generally accepted 

terms, understandable even to any unconcerned specialist [10], [11]. 

V.V. Ryazanov developed this idea and proposed considering a hyper-

parallelepiped in R
N
, a geometric image of a conjunction, as a new object, GP, defined 

by a point in the 2N-dimensional space Y of the parallelepiped's boundaries. It was 

immediately clear that the transition to a parametric space brings many of the ad-

vantages inherent in the classical Hough transform in the IP domain. It also turned out 

that many other methods of clustering and representing samples by sets of simple 

shapes can also serve as primary spatial differentiation. Each simple cluster, as a ge-

ometric object, is also represented by a point in the parametric space of kind Y [12]. 

As in the Hough scheme, the task of data analysis can be reduced to searching for 

point peaks in the density of the secondary distribution ρ(y) on the space Y. In more 

advanced settings, the parametric space Y itself comes to the fore, the set of parame-

ters y can receive a special meaning and be composed of few derivative quantities 

constructed in a complex way from primary features. In particular, the study of the 

behavior of the distribution ρ(y) = ρ(y,X') on certain fragments of the sample 

X'⊂X⊂R
N
 may help to identify previously unknown patterns that can control the gath-

ering objects into dense clusters in R
N
 [13-18]. 

This paper proposes the next step in developing the approach initiated in the works 

of V.V. Ryazanov, where the role of primary differentiation operators is played by 

sets of a priori known partial numerical dependencies fm(x), m = 1,2,...,М, expected 

by expert or reliably verified earlier as a result of studying many samples of the type 

Х⊂R
N
, with a similar set of features x∊R

N
. In what follows, modeling and forecasting 

of the behavior of some aggregated observable quantity Z(x) is studied, the values of 

which arise as a result of an interaction of dependencies of the type fm(x). It is as-

sumed that the model includes a set of control parameters a∊A, governing the interac-

tion, and further in the paper, various vectors a of the control parameters act as GPs. 

Several hypotheses Hi(a,f), i=1,2,...,I, describing possible variants of the interaction 

of dependencies fm(x) are considered in parallel. The task is to select a model Hi and 

values of its control parameters that would ensure the smallest deviations between the 

simulated values Hi(a,f(x)) and the actual observed values Z(x). Friendly interface 

design options are proposed that allow the best use of the researcher's applied compe-

tencies for these purposes. Positional data representation, and in particular quadtrees, 

are used to visually compare the adequacy of the Hi(a,f(x)) model across different 

fragments X' of the original sample, X'⊂X⊂R
N
. 

2 Problem Statement 

Let X, X⊂R
N
, be a sample of digitized applied data, and fm(x), m = 1,2,...,М, be a 

set of a priori known partial numerical dependencies. Several model hypotheses 

Hi(a,f(x)), i=1,2,...,I, are investigated, corresponding to possible variants of the 

interaction of dependencies fm(x) while generating the value of aggregated quanti-



ty Z(x). The problem consists of finding, for each hypothesis Hi, the optimal vec-

tor ai*∊A that ensures the smallest differences between the values of Hi(a,f(x)) 

and Z(x) over the maximum number of objects in the sample X. We assume that 

the index i, corresponding to the minimum, supports the hypothesis Hi(ai*,f(x)) 

that most adequately describes the way in which the parameters ai function in the 

interaction of dependencies fm(x). 

Important features of the formulation under consideration should be noted. 

No restrictions on the type of digital model Hi(a,f(x)) are imposed a priori. All 

responsibility is shifted to the shoulders of the researcher proposing this hypothe-

sis. 

Similarly, no functional restrictions are imposed on the term 'partial numerical 

dependency fm(x)', m = 1,2,...,М. This role can be played by both explicitly de-

fined functional relationships and various constraints, the researcher's assump-

tions based on their extensive experience, etc.  

For different hypothesis Hi(a,f(x)), the substantive meaning of the control pa-

rameters, as well as their number, may vary. However, in what follows, only the 

numerical values of the parameters will be important, since the search for the op-

timal vector ai*∊A is performed according to a uniform scheme in a space A. 

The modulus |Z(x)-Hi(a,f(x))|, i=1,2,...,I, can serve as a natural measure μi(a,x) 

of the difference between the simulated and actual values of the aggregated quan-

tity Z(x) for any xϵХ. If the search for ai*ϵA is performed on a restricted discrete 

grid   of vectors aϵ ⊂A, then for each xϵХ it is easy to find the absolute mini-

mum ai(x)ϵ  of the measure μi(a,x). The main assumption is that the manifesta-

tion of many extreme points ai(x) in the form of a compact cluster Ci, Ci⊂ , 

while moving x through the sample, will be the evidence of the adequacy of the 

studied model Hi(a,f(x)). Some center ai*ϵA, chosen for this cluster in one way or 

another, will represent the averaged parameters of the interaction model, that are 

valid for involved share of the sample X. 

A clear illustration of the parallels with the Hough transform here is a variant 

of this transform designed to detect contour polygons in an image. The set of de-

pendencies fm(x) here corresponds to operators for detecting corners and line 

segments, while each set a∊A acts as a variant of logical conditions for combin-

ing elements into figures of a particular shape, for example, triangles. This means 

that for some i, the image is characterized by the presence of the largest number 

of objects (triangles) of a specific shape, described in the hypothesis Hi by the pa-

rameters ai*, while for other sets aj*, j≠i, hypotheses like Hj assumed triangles of 

a different shape, or rectangles, or some other shapes that turned out to be less 

frequently represented in the given image. 

In this study, the most adequate hypothesis Hi(ai*,f(x)) about the interaction of 

the dependencies fm(x), which provides the minimum sum of differences between 

the values of the quantity Z(x) and its model, plays the role of this optimal trian-

gle of the most frequent shape. 
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3 Correcting Hypotheses on Bit Cells 

The choice of the cluster center ai*ϵA is associated with several intermediate prob-

lems related to properties such as the cluster's cardinality, its shape, etc. At the same 

time, the simplicity of defining the measure μ(a,x) allows us to apply the CLT here 

and construct a solution in which many of these problems are automatically resolved. 

As known, the probability density for the sum of |X| identically distributed random 

variables quickly normalizes in the neighborhood of the mean, as |X| increases. In this 

case, the standard deviation σ decreases at the rate of     
  

, whatever the original 

distribution. 

As such variables, the values of the difference measure μ(a,x) on all vectors xϵХ 

can be considered. Each of these variables obeys one and the same distribution of the 

empirical density of the sample Х⊂R
N
. The corresponding cumulative sum 

                   will be represented on the grid   by the distribution of the 

summarized differences between Z(x) and Hi(a,f(x)), which are averaged, smoothed, 

and stable. The mean of the distribution is the best candidate for the role of ai*ϵA. 

Unfortunately, the value of μi(ai*,X) does not guarantee zero or even a small total 

difference between the values of Z(x) and Hi(ai*,f(x)). This value only indicates the 

best accuracy of reconstructing the interaction of dependencies fm(x) that the hypothe-

sis Hi is capable of providing on the full sample X in principle. If this accuracy is low, 

it is necessary to find ways to adjust the internal construction of the numerical model 

Hi(a,f(x)) itself.  

The main goal of this study is to develop a toolkit that allows for the best use of 

the experience of an expert in the applied field, and even their intuitive guesses. If 

successful, the latter may then be transformed into new knowledge. Indeed, in the 

presence of the measure μi(a,X), both the reverse transition to the original sample and 

the verification of the adequacy of the measure μi(a,X') for its various parts X', 

X'⊂X⊂R
N
 become possible. As a rule, an expert in the applied field who has formu-

lated a particular hypothesis Hi(a,f(x)) also has knowledge of the specifics of the data 

in various parts of the original sample. Having knowledge of the adequacy of the 

model μi(a,X') on various fragments of the sample X'⊂X⊂R
N
 and of the degrees of 

their negative contribution to the value of the difference measure μi(a,X'), the expert 

can change the place and the sense of participation of individual components of the 

vector a in the model Hi(a,f(x)), in particular, remove unnecessary or add additional 

control parameters. 

Below, for the sake of convenience and clarity for the expert, a regular method of 

dividing the sample X into bit cells is used, in each of which the study of the behavior 

of the measure μi(a,X) can be performed separately and in one and the same way. It is 

assumed that the components of the vectors xϵX are positive, specified in binary code, 

and in any of the components of the vector x, only the K elder binary digits are used 

[19-20]. Each vector x is then represented by the binary matrix [χnk], n=1,2,...,N, 

k=1,2,...,K, χnk=0,1. Thus, the addressing is specified of the location of objects of the 

sample X in bit cells of the positive quadrant of the space R
N
. A special case of this 

type of addressing is, in fact, quadtree. If, for example, for one reason or another, an 



expert is interested in projecting a sample X onto a monitor screen in features (xα,xβ), 

α,β=1,2,...,N, fragmented to the level K=2, then a possible type of projection could be 

the quadtree shown in Figure 1. As X, some multilevel GIS image was chosen, RGB 

components of vectors x are represented in the quadtree for two spatial coordinates, 

hidden features are implied, and any two of them can be used in similar manner, too. 

 

 

Fig. 1. Quadtree for a sample X shown in spatial coordinates (xα,xβ). Color range reflects the 

degree a of expert's interest to the data in different cells. Here (00,00) and (11,11) are the cells 

of the least interest. Scalar a serves as control parameter of certain dependencies fm(x) related to 

hidden features of the water body infrastructure. 

The expert does not necessarily need to place the entire sample X in the quadtree. The 

expert can select for analysis a particular data slice where only some of the bit indices 

are allowed. For example, for a feature xγ, γ=1,2,...,N, (or for several such features), 

the expert can optionally place in the quadtree cells, being constructed for the dimen-

sions (xα,xβ), only points of those vectors x∊X, where certain bits xγk for some specific 

indices k, k=1,2,...,K, have a fixed value: χnk=0 or χnk=1. This opportunity can utilize 

the expert's experience, visually observing the influence of known features of the 

selected data fragment X', Х'⊂Х⊂R
N
, on the local behavior of the measure μi(a,X'), 

and hints to the expert a way to improve the hypothesis Hi(a,f(x)) under consideration. 

4 Sequential Refinement of the Difference Measure 

So far, only the problem μi(ai*,X)=minaμi(a,X) has been solved, indicating the accura-

cy achievable for the Hi(a,f(x)) model on the entire sample X. A similar problem can 

also be solved for each bit cell X
χ
 of the quadtree, where χ is the bit address of the 

cell. Knowing the optimal values of the total measure μi(a,X
χ
) in different cells, the 
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expert can make informed modifications to the model. In particular, the components 

of the control parameter vector ai then become functions dependent on the bit index of 

a cell: ai=ai(χ). This confidence is supported by the following simple lemma of three 

means, proven by different authors in many variations: 

Lemma 1. 

Let Х=Х
1∪Х

2
, Х

1
≠Х

2
, ai

1
= 

 

    
            , ai

2
= 

 

    
            , ai*= 

 

   
           . Then ai

1
≤ ai* or ai

2
≤ ai*. 

For example, if Х
1
, Х

2
 are bit cells of the same level, and for the i-th hypothesis the 

inequality ai
1
<<ai* is valid, then the expert has grounds for a more detailed study of 

the applicability of the set of control parameters ai
1
, extreme in the problem 

            , also in other cells of the quadtree. Conversely, if ai
2
>>ai*, then the 

corresponding set of control parameters ai
2
 most likely requires modification in this 

cell, or entire replacement with a more adequate hypothesis itself. 

The best case is when, in all cells describing increasingly filled levels of detail k, 

k>0, all values of type ai
1
, ai

2
 satisfy the conditions ai

1
≤ai*, ai

2
≤ai*, and when k in-

creases from 1 to K, the corresponding vectors of control parameters of type ai
1
, ai

2
 

remain close to ai*. This then means that the solution to the problem 

μi(ai*,X)=minaμi(a,X) was initially successful, and the set ai* does not require correc-

tion with increasing detailing the sample X. 

However, as k increases, the number of objects in a single bit cell, such as X
1
, X

2
, 

decreases at an average rate not lower 2
kN

. Certain share of solutions of the form ai
1
, 

ai
2
 become increasingly less reliable, some of the cells become empty, and then nor-

malizing factors of the type |X
1
|, |X

2
| become meaningless. 

It is further assumed that, as k increases, the optimal set of control parameters 

from the highest enclosing cell of the bit structure is automatically transferred to the 

younger empty cells. Figure 2 shows the evolution of this solution with increasing k in 

the case where the bit structure of the sample is represented in projection onto a single 

specific dimension xn, which, for one reason or another, is of particular interest to the 

researcher. 

A natural assumption is that the expert should be especially attentive to those hy-

potheses that change optimal sets of the form ai
χ
 less frequently in diminishing bit 

cells, as k increases from 1 to K. In this case, the graph of the function ai(χ), repre-

sented for the full sample X by the constant vector ai*, is transformed into a certain 

sequence of discontinuous hypersurfaces Sk⊂ . Since the values of the total differ-

ence measure μi(a,X
χ
)for lower-order cells become increasingly less reliable, the ex-

pert faces two interrelated problems. Among the hypotheses Hi, it is necessary to se-

lect the one that ensures minimal transformations for Sk, and this property is preserved 

through the maximum levels of detail k, k=1,2,...,K. 

All the above-mentioned granularity features are depicted in Figure 2.  
For Hypothesis 1, the difference measure for the full sample is initially high and 

barely decreases with granularity. 

For Hypothesis 2, the difference measure decreases at all three levels of detail, but 

at the lowest level, this is achieved via unacceptable changes in the set of control 

parameters. 



For Hypothesis 3, the sample is divided into two subregions, where two distinct 

vectors of control parameters consistently emerge. 

Hypothesis 4 yields the best solution: the optimal vector of control parameters 

changes little with detailing, and the difference measure is initially low. 

 
Fig. 2. Modeled 3-level refinement of the normalized measure    

 

    
     

      for 4 

hypotheses Hi, I=4. RGB-components depict possible 3-dimensional vector of control parame-

ters aϵ ⊂R3 

 

It is beyond the scope of this article to detail the various techniques and considera-

tions an expert might use when selecting the best hypothesis. For example, they might 

consider not only absolute but also local minima of the measure μi(a,X
χ
) in cells, the 

combination of which would ensure minimal transformations. Conversely, this ap-

proach may reveal disjoint data regions requiring significantly different optimal sets 

of the form ai
χ
 or different hypotheses Hi(a,f), i=1,2,...,I, that turn out the best for 

disjoint regions. In all cases, Lemma 1 guarantees that, as the level of detail k increas-

es, the corresponding hypersurface Sk provides an increasingly accurate reconstruc-

tion of the interaction of dependencies fm(x), although local solutions become increas-

ingly less well-founded. 

Here some considerations are discussed why the proposed toolkit is primarily ori-

ented toward incorporating various incomplete, imprecise, and heuristic knowledge 

μ1 

xn 

 

μ3 

xn 

 

μ2 

xn 

 

μ4 

xn 
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into the analysis, often discovered intuitively, including comparison of hypothesis, in 

particular, with the help of visualization. Indeed, if some of the used dependencies 

fm(x) have exact polynomial approximations of the form ft(x)=0, t=1,2,...,T, while the 

remaining dependencies are imprecise and not universally defined, then the sample X 

is located in R
N
 on an algebraic hypersurface of codimension T, making it easier to 

work with. If, moreover, the corresponding system of T equations has a unique solu-

tion with respect to some T initial features, then the main problem of using a set of a 

priori dependencies returns to the original formulation, since all these T features ob-

tain representations in terms of remaining ones, and now the problem may be solved 

in the feature space of reduced dimensionality R
N-Т

. 

Of course, it wouldn't be very difficult to develop an application for this task that 

would implement all the steps described above in a digital environment. However, it's 

hardly feasible to take into account many of the expert's informal considerations and 

hypotheses in advance and integrate them into the interface of this hypothetical appli-

cation. Moreover, many of them will be rejected during experimentation. From this 

perspective, directly using the expert's knowledge and intuition remains a working 

option. 

5 Conclusion 

The paper presents a new approach to leveraging the a priori knowledge and experi-

ence of specialists accumulated in an applied field. Particular attention is given to 

poorly formalized aspects of experience. It is shown that precise a priori dependen-

cies, reliably established and specified digitally, can be taken into account and ex-

cluded from analysis in advance. The problem of comparing competing hypotheses 

about the role of partial a priori dependencies in generating the values of an aggregat-

ed quantity is investigated. The numerical model of each hypothesis is loaded with a 

set of control parameters included in the model to govern the interaction of dependen-

cies. The space of control parameters plays the role of the Hough space, whose points 

act as GPs. Among all of the points, the extremums of the cumulative measure, which 

calculates differences between modeled and observed values of the aggregated quanti-

ty in the bit cells of the feature space, are identified. Proposals are formulated for 

organizing a user-friendly interface to leverage the informal knowledge and practical 

experience of specialists, including the use of a quadtree technique that displays vari-

ous layers of estimates of the difference measure in bit cells on a monitor screen. The 

paper utilizes a lemma that guarantees increasing (non-decreasing) accuracy of esti-

mates despite granularity of the measure in smaller bit cells, but the increasing ran-

domness of the sample fraction that forms this local estimate is a problem. An inter-

face is proposed for selecting the hypothesis that provides the minimum of the meas-

ure along with increasing granularity. It is noted that the search for the best hypothesis 

is easily automated, but the development of the corresponding software will rely 

heavily on the same a priori knowledge that is directly used in this case. Therefore, 

the approach presented in the paper is a viable alternative. 
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